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TESTING FOUR ELASTIC FINITE-DIFFERENCE SCHEMES FOR
BEHAVIOR AT DISCONTINUITIES

By Jikf ZAHRADNIK, PETER MoCz0,* AND FRANTISEK HRON

ABSTRACT

Three second-order and one fourth-order finite-difference schemes are theo-
retically and numerically investigated for their behavior at elastic discontinu-
ities. One of them is extended with new formulas for a flat free surface. Two of
the schemes are consistent with the stress-continuity condition for P-SV
waves at discontinuities coinciding with horizontal (or vertical) grid lines; none
of them iIs consistent at diagonal discontinuities. Despite these significant
theoretical differences, the numerical results from all four schemes are very
similar. Moreover, the results compare well with semianalytic solutions for
three different models.

A practical conclusion is that the recent finite-difference schemes are by no
means free from the accuracy problems at elastic discontinuities. Neverthe-
less, the schemes provide synthetic seismograms whose differences are well
below the level normally introduced by structural and focal uncertainties.

INTRODUCTION

Finite-difference methods are one of the most powerful tools for numerical
investigation of seismic waves in complex media. In this paper, we focus on the
so-called heterogeneous schemes, in which the same formulas are used for all
grid points except the boundaries of a computational region. These formulas
represent a discrete form of the equations of motion for heterogeneous media.
Boundary conditions at internal material discontinuities are not discretized.
The discontinuities, if present, are taken into account by spatial variation of the
material parameters (Lamé parameters and density). In most schemes, special
formulas are employed at the free surface (Vidale and Clayton, 1986; Sochacki
et al., 1987; Levander, 1988). A few schemes use the same formulas literally
everywhere, including the free surface. They account for the medium outside
the free surface, appearing in the scheme, by setting its Lamé parameters and
density to zero. This approach was recommended for SH waves by Boore (1972),
and we call it the vacuum formalism. A heterogeneous scheme of Zahradnik and
Urban (1984) with the vacuum formalism was applied to SH waves at curved
free surfaces, and a very good agreement with an independent method by
Van den Berg (1987) was found for canyons. To the best of our knowledge, the
vacuum formalism has not been used in finite-difference methods for P-SV
waves with the exception of an attempt by Zahradnik and Hron (1992). Spectral
(Fourier) methods. often use similar approaches, but their discussion is beyond
the scope of this paper.

In most heterogeneous schemes, the material parameters are represented by
their actual local values or by arithmetic averages from two neighboring grid
points (Kelly et al., 1976; Stephen, 1983; Bayliss et al., 1986; Virieux, 1986;
Levander, 1988; Sochacki et al., 1991). No information about the detailed
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variations between the grid points is taken into account. The accuracy problems
are documented for heterogeneous schemes of this type. Kelly et al. (1976)
assumed these problems to be connected with artificial transition zones. Virieux
(1986) and Stephen (1983) claimed that the transition zone is not the problem,
since the results did not change with grid refinements. Serious accuracy prob-
lems at solid-solid interfaces were found by Stephen (1983). He even reported
instabilities for liquid-solid interfaces, which he overcame in a later paper by a
special treatment of the material parameters (Stephen, 1988). The scheme by
Virieux (1986) is stable for the liquid-solid interface, but a 20% amplitude
discrepancy was found for Rayleigh waves in the simple Lamb’s problem. Some
problems at an internal discontinuity were also seen in Figure 9 of Daudt et al.
(1989). The scheme of Kelly et al. (1976) was shown to be less accurate by
Sochacki et al. (1991, Fig. 3). A great sensitivity of the heterogeneous schemes
with respect to the particular approximations of the material parameters was
also discussed by Kummer and Behle (1982) for polygonal boundaries (see, e.g.,
their Fig. 8). Fornberg (1987) outlined possible problems with the spatial
sensitivity of the higher-order methods on relatively coarse grids, mainly when
boundaries fall between mesh points.

In a few schemes, the actual variations between the grid points are approxi-
mated by certain integral averages, called effective parameters (Boore, 1972;
Kummer and Behle, 1982; Zahradnik, 1985; Kummer et al., 1987; Zahradnik
and Hron, 1987; Moczo, 1989, Zahradnik, 1990). With their help, for example,
the distance from a discontinuity to a grid point can be accurately accounted for.
Therefore, the latter schemes seem to be useful mainly on relatively coarse
grids. In general, however, the schemes with effective parameters do not
provide automatically the correct behavior at elastic discontinuities. On the
other hand, some schemes without effective parameters (i.e., with the local
parameters only) perform very well. As an example, the scheme by Levander
(1988) was found to agree very well with the reflectivity method. Very likely, it
was because no spatial derivatives of the material parameters occurred in the
first-order equations of motion he used.

Most of the heterogeneous schemes are derived from the differential equa-
tions of motion. Others are derived from the integrated equations of motion,
expressing the force balance of an elementary grid volume (Samarskii, 1977,
Chap. 3, Sec. 2). The traction-continuity condition can also be included in the
integral formulation (Sochacki et al., 1991). However, when discretized, even
the integral formulation can violate the traction continuity condition, mainly at
discontinuities not coinciding with grid lines. On the other hand, some heteroge-
neous schemes derived from the differential equations can automatically satisfy
the boundary conditions rather well. For example, Moczo (1989) demonstrated
a very good agreement of such a scheme with the Aki-Larner discrete wave-
number method for SH waves in basin-like structures. Bayliss et al. (1986),
Levander (1988), and Stephen (1988) presented other encouraging examples of
the agreement between independent solutions and the schemes based solely on
the differential equations.

This short review demonstrates that the modern heterogeneous schemes
represent a rather various class of different approaches. Hence, some classifica-
tion with respect to their behavior at internal elastic discontinuities and free
surfaces is desirable. Accordingly, the main objectives of this paper are formu-
lated in the following way: (1) proposition of the method for a theoretical
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evaluation whether a given scheme is consistent with the boundary conditions,
or not; (2) application of such a method to the recent schemes, described by
Kummer et al. (1987), Sochacki et al. (1991), and Zahradnik and Hron (1992);
(3) mutual comparison of the numerical results produced by all these schemes;
and (4) comparison of their numerical results with those produced by some
other independent methods (Alekseev and Mikhailenko, 1980; Bard and
Bouchon, 1985; Kawase and Aki, 1989).

BouNDARY BEHAVIOR OF THE SCHEMES: THEORY

In this section, we evaluate the boundary behavior of the schemes KBD
(Kummer et al., 1987), FD2 (Zahradnik and Hron, 1987), and SGES (Sochacki
et al., 1991) briefly rederived and compared in Appendix 1. For this purpose, as
in the standard analysis of the consistency of the finite-difference schemes for
homogeneous media, we express discrete displacement values by means of their
Taylor expansions in two spatial variables, substitute them into the schemes,
and study their limit for 2~ — 0. In the case of heterogeneous schemes, such a
procedure can be carried out even at a discontinuity, provided that the Taylor
expansion is treated with care.

The SH Case

Boundary Conditions. The boundary conditions require the continuity of
displacement and traction across the boundary. Since a single difference equa-
tion applies to each point on a discontinuity, the displacement continuity is
automatically satisfied in any heterogeneous scheme. The continuity of the
traction (y component) at a surface whose normal has x and z components n
and m leads to

uu.n + pv,m = pgo.n + wo,m, (1)

with the denotation explained in Appendix 1. The parameters and derivatives
with and without primes refer to their limiting values from both sides of the
interface. Investigation of this condition at several different local shapes of the
interface is considered next.

Horizontal (or Vertical) Discontinuity (Figs. Ia and 1b). As shown in Ap-
pendix 1, the KBD and FD2 schemes are identical for SH-wave propagation.
Moreover, in case of a horizontal discontinuity, the material parameters make
the SGES scheme identical with the KBD and FD2 too, according to equation
(A11). Then, at a central point (0, 0) of a grid stencil located on the discontinu-
ity, all three SH schemes read

1/2(p + w)(v1,0 — 2090 +v_19) + (Vg1 — Vo0) + ®(Vo,—1 — Vo0)

= 1/2( P + p,)(hz/kz)(vnewovo - 2UO,O - Uold010)7 (2)

where v, , v, and v, relate to the time levels M + 1, M, and M — 1,
respectively. After substituting the Taylor expansion up to the terms
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proportional to 42, inclusively, and multiplying equation (2) by A, we get

R{1/2(p + W)(vy, +05,)/2 + 1/2pv,, + 1/2p0,, — 1/2(p + p')v,}
+ O(h2) + O(k2h) + pv, — wv, = 0. (3)

In the limit of 2 — 0 we obtain the condition wv, — w'v, = 0. It could also have
been obtained directly from the first-order Taylor expansion. Since n = 0 and
m = 1, this condition is equivalent to the required traction continuity (1). The
same procedure for a vertical discontinuity (n = 1, m = 0) yields pv, — v, =0
that is again equivalent to (1).

The above result can be interpreted in the following way: When applied on the
material discontinuity, the equation of motion yields (in sense of generalized
functions) an additional body-force term. It is just this term that, after properly
discretizing the equation of motion, can guarantee the traction continuity. The
heterogeneous scheme resembles, in this respect, the seismic-source modeling
by means of body-force equivalents: Instead of prescribing the displacement
discontinuity at a fault plane, a body-force term is added to the equation
of motion.

Diagonal Discontinuity (Fig. 1c). Both the KBD and FD2 schemes become
identical once again. The material parameters of the SGES scheme need a
deeper consideration, because the a; ; and a_; ; values needed in equation
(A11) are not clearly defined. If, however, the 1ntegrat10n of the equations of
motion is performed for this particular geometrical conﬁguratlon analogously to
Sochacki et al. (1991), it becomes evident that a; ; =, a_;; = p are the
appropriate values. These values also make the SGES scheme identical with the
KBD and FD2 schemes for SH waves.

After repeating the procedure described above, retaining only the first-order
Taylor terms, and performing the limit of 2 — 0, we get

nu, + pu, — wu, — po, =0. 4)

Realizing that n = m, we again arrive at the desired traction continuity (1) for
all the three analyzed schemes.

The 90° Wedge (Fig. 1d). The Taylor expansion yields terms uv), p/'v, that are
difficult to interprete. If, however, we additionally assume v, =v) at the
horizontal segment of the wedge, and v, = v, at the vertical one, the expansion
provides (for 4 — 0) exactly the same formula as for the diagonal discontinuity
(equation 4). The same result takes place for the KBD, FD2, and SGES
schemes. As both assumptions are correct independently in a locally planewave
approximation at the horizontal and vertical boundaries, respectively, we could
conclude that the 90° wedge is artificially transformed into a diagonal disconti-
nuity, at which the traction continuity is satisfied. It is questionable, however,
to what extent the locally plane wave approximation is acceptable in a small
vicinity of the wedge.

Oblique (Nondiagonal) Discontinuity (Fig. 1e). Both the KBD and FD2 schemes
work as if the diagonal discontinuity would have taken place. On the other
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hand, a formal application of the SGES scheme with a; _;, =u, a_;, =y
yields

wo, — W, = 0. (5)

This means that the SGES scheme artificially transforms an arbitrary oblique
nondiagonal discontinuity of Figure le (where the angle with respect to the
vertical axis is less than +45°) into a vertical discontinuity. Similarly, for the
angle less than +45° with respect to the horizontal axis, the oblique discontinu-
ity transforms into a horizontal one. The traction continuity at these artificially
transformed surfaces is then satisfied.

Horizontal Discontinuity Not Coinciding with a Grid Line (Fig. 1f). We start
with the KBD and FD2 schemes. No first-order Taylor terms are obtained from
(pv,),. From (pv,),, according to (Ada), we get the term

IL(Uo,1 —Ug0) — MG(UO,O - Uo,—1)- (6)

The difference vy, — v, _; cannot be simply expressed by v,, or v,. If we
assume, however,

Vo0 — Vo, -1 = h(yv, + [1 - y]v}) (M

and compute effective parameter u; according to (A4b), we see that for 2 - 0
we get uv, — wv, =0, as required for a horizontal discontinuity passing
through point (0,0). We conclude that the KBD and FD2 schemes satisfy the
traction continuity at the discontinuity artificially shifted to point (0,0). The
present example well illustrates the importance of geometric averaging (equa-
tion A4b). If, for example, one would use an arithmetic average for defining ug,
instead of (A4b), the traction continuity will neither be satisfied at the artifi-
cially shifted discontinuity, nor the point (0, 0) will behave as being located in a
homogeneous medium.

As far as the SGES scheme is concerned, the material parameter appearing
with (vg o — vy, _;) is i/, according to (A11) and Figure 1f. As a result we get

mu, — lu’/(’yvz[l - 'Y]v.,z) = 07 (8)

meaning that the traction continuity is neither satisfied at point (0, 0), nor does
the point behave as one located in a homogeneous medium.

Vacuum Formalism. The preceding analysis can be completely repeated for
@ — 0, p' = 0 (the vacuum). Note that the shear-wave velocity then becomes
undefined. This, however, yields no problem, since the equation of motion does
not operate with the velocity. In other words, the conclusions given above apply
also to the free surfaces. The SH heterogeneous schemes KBD, FD2, and SGES
can be applied up to the free surface inclusively, while the medium outside the
surface is treated as vacuum. The traction-free conditions are satisfied under
the same conditions as in the previous paragraphs, and no special free-surface
formulas are needed for the SH case. We would have come to the same
conclusion by proving that the SH scheme with the vacuum formalism is
identical with the scheme expressing the symmetry condition (using central
differences), which in turn is equivalent to the traction-free condition in the
SH case.
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The P-S8V Case

Boundary Conditions. The requirement of the traction continuity (x and z
components) can be written

([A+2un]u, + Aw)n + w(w, +u,)m
= ([N + 20T, + Xw))n + p(w] + d)ym,
ww, +u)n + (Au, + [A+ 2p]w,)m
= w(w, +u)n + (XNu, +[X + 24 ]w,)m. (9

Horizontal (or Vertical) Discontinuity (Figs. 1a and b). A complete analysis is
lengthy, but straightforward. We start with a horizontal discontinuity (r = 0,
m = 1). For the KBD scheme, the first-order Taylor expansion and the limit of
h — 0 yield

wl/2(w, + wl) + pu, — W1/2(w, + w,) - pu
AL/2(u, +ul) + (A + 2p)w, — X1/2(u, +u)) — (N + 24)w

=0,
— 0. (10)

N~ N

This is obviously not equivalent to the boundary condition (9). If, however, we
additionally assume w, = w, u, = «/,, which is true in a locally plane wave

approximation at the flat boundary, then (10) transforms to the required
condition (9). Quite similarly, the assumption of w, = w, and u, = u/, guaran-

X TS
A Ko Ao
a b
X be Npo
A ko Ao
C d
h(1-Y)- X, w9
N
Mg © by
Ao AuQ
L 4
e f

Fic. 1. Geometrical configurations of an elastic discontinuity (heavy line) with respect to grid
%ines. The)ﬁnite-difference schemes are analyzed for their boundary behavior at the central point
full circle).
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tees the stress continuity at the vertical discontinuity (equation 9 with n = 1,
m = 0). As we see, unlike the SH case, an additional assumption is necessary.
This assumption, however, is quite reasonable and acceptable. Another, more
important difference with respect to the SH case appears when we try to use
the KBD scheme in the vacuum formalism at a horizontal free surface for the
P-SV case. The Taylor expansion then yields

1/4Aw, + 26 /24pw, + pu, = 0,
1/4pu, + 26/24 u, + (A + 2p)w, = 0. (11)

What we need in accordance with (9) is

pw, + pu, =0,
Au, + (A + 2w, = 0. (12)

Hence the boundary condition is strongly violated by terms 1/4Aw, and 1/4uu,.
(The difference due to the replacement of 1 by 26 /24 is much less important.)
Special formulas, extending the KBD scheme to the flat free surfaces and
consistent with the required condition (12), are given in Appendix 2.

As the next step we analyze the FD2 scheme at a horizontal discontinuity,
thereby getting

1/2pw, + pu, — 1/2pw, — wu, = 0.
1/2 u, + (A + 2p)w, — 1/2Xu', — (X + 2w, =0, (13)

Evidently, the traction continuity is not guaranteed by the FD2 scheme. It is
violated by coefficients 1/2 appearing (instead of 1) with w,,w),u,,u,. The
discrepancy, resulting from the incorrect boundary behavior of the present
scheme, takes form of the additional false stresses, proportional to the horizon-
tal derivatives of the displacement field. Exactly the same is true about the free
surface. The fourth-order version FD4 is analogous in this respect.

Finally, the SGES scheme is examined at a horizontal discontinuity. Accord-
ing to (Ala and b) and (A14), the only terms representing the difference with
respect to the FD2 scheme are now only those coming from (pw,),,(Au,),; i.e.

1/4R*{(p — w)(wyo—w_y1 o)}

1/4h*{(X - XN)(uyo — u_1)}- (14)
The analogous terms, related to the derivatives (Aw,),,(uu,),, vanish in this
particular geometrical configuration. The Taylor expansion of (14), multiplied

by £, and the assumptions w, = w;, u, = ¢/, (the same as for the KBD scheme)
vield a contribution from the additional terms (14) in the form of

1/2( 1 — W)(w, + w)) /2 = 1/2pw, — 1/24w,,
1/20h — X)(u, + u,)/2 = 1/2 u, — 1/2X4,. (15)
As it is seen from (13), the terms shown in (15) are those missing in the FD2

scheme. Therefore, after the terms (15) are added to (13), the traction continuity
(9) is guaranteed in the complete SGES scheme. The same is also true about the
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horizontal free surface treated by the vacuum formalism in the SGES scheme.
At a vertical discontinuity (internal or free) the SGES scheme is boundary
consistent upon the assumption of u, = u,, w, = w,.

Diagonal Discontinuity (Fig. 1c). None of the studied schemes is consistent
with the traction continuity (9) in this case. The only assumption, which would
yield (9) in the KBD scheme, is w, = w,, w, = w, (when solved for u), and
u,=1u,, u, =u, (when solved for w), respectively. Such assumptions are
evidently not acceptable. The same applies to the SGES scheme if the parame-
ters of the medium in (A12) are treated as required when integrating the
equation of motion at this particular case:

— — — —
aq,1=a, a, _;=0a, a_;;=0a, a;=a. (16)

Summary of the Theoretical Analysis

All the three studied schemes (KBD, FD2, and SGES) are equivalent for SH
waves at horizontal (or vertical) discontinuities. The traction continuity is
always guaranteed. Moreover, the vacuum formalism can be used at free
surfaces of that type.

In the case of P-SV waves, the schemes differ from one another at horizontal
(or vertical) discontinuities. Although the KBD scheme is derived from the
differential equations of motion, its boundary behavior is theoretically as good
as that of the SGES scheme, derived from the integrated equations. Even
though the KBD and FD2 schemes are of the same order of accuracy and based
on a similar approach, the KBD satisfies the boundary conditions, while FD2
does not.

A similar treatment of other geometrical configurations is more complicated
and suggests that, in general, the accuracy problems might arise for the P-SV
wave propagation in heterogeneous schemes on curved discontinuities. Even
such a simple case like the diagonal discontinuity falls into this category.

BOUNDARY BEHAVIOR OF THE SCHEMES: NUMERICAL EXPERIMENTS

The preceding analysis does not provide a quantitative estimate of the
boundary-introduced inaccuracies. This feature of the studied schemes is ad-
dressed by numerical experiments in this section.

Three models are investigated: a homogeneous halfspace (A), a sediment-filled
valley (B), and a sedimentary basin (C). The model parameters are summarized
in Table 1 and Figure 2. A constant density of p = 1 is assumed. The models are
dimensionless, described by means of two reference quantities, 7" and L. Here

TABLE 1
PARAMETERS OF THE COMPUTATIONAL MODELS A, B, aND C
&pin Xpax max fmax H V
Model ————B = — —
Bmin Bmax Bmin fO L L
A 2 2 1 2.5 10 10
B 2 V3 5 2.069 8 7.2
C 2 2 2.5 3.2 12.8 6.4

The P- and S-wave velocities = @ and g (the minimum and maximum values); the predominant
and maximum frequency of the excitation = f, and f£,,,,; the horizontal and vertical dimensions of
the computational region = H,V; the minimum shear wavelength = L. See also Figure 2.
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Fic. 2. Computational models A, B, C, for which four finite-difference schemes and three indepen-
dent methods were compared. The plane of symmetry (antisymmetry) is represented by a dotted-
dashed line; the discontinuities are shown in heavy lines. The receivers are marked by the full
circles. The corresponding synthetics are given in Figures 3 to 6. For more details, see Table 1.
Model B is taken from Bard and Bouchon 8985). Model C is equivalent to that of Kawase and Aki
(1989), provided f, = 0.5 Hz, T = 0.625 sec, and L = 625 m.

T=1/f,., is an approximation of the minimum period, with f, . being
defined in Table 1 and L = B,,;,.T being an approximation of the minimum
shear wavelength.

Model A is excited by a line explosive source, the time function of which is

f(t) = sin{27 fyt}exp{—4mw2f*t?/16},  f, = 1 Hz. (17)
The source is specified by means of the body-force equivalent of Aboudi (1971),
applied to a grid square 24 by 2k. Models B and C are excited by a vertically

incident plane wave (P in models B and C and SV in model C); the algorithm of
Alterman and Karal (1968) is used. The source wavelet in model B is given by

f(t) = cos{2mfyt}exp{—4m?f*t?/56.25),  f, = 2.41666 Hz, (18)
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while that in model C is
f(t) = (272f*t* — V)exp{ - =2f,*t?},  f, = 0.5Hz. (19)

All the three models are studied inside a rectangular computational region; see
H and V in Table 1. The upper boundary is free (for details, see below). The
left-hand boundary is symmetrical for w and antisymmetrical for u (vice versa
in model C excited by the SV waves). The right-hand and the bottom bound-
aries are nonreflecting in the sense of Reynolds (1978) and Emerman and
Stephen (1983), respectively. It should be mentioned that the Emerman-Stephen
condition was originally also applied on the right-hand boundary, but later the
Reynolds conditions were found better, mainly for the w components of model C
and the SV incidence. Strictly speaking, we applied the Reynolds scalar for-
mula independently to © and w components with the local velocities of P and S
waves, respectively. Repeated computations for different sizes of the computa-
tional region (not shown here) were used for checking the performance of the
non-reflecting boundaries.

Synthetic seismograms for models A, B, and C (Figs. 3 to 6) were computed by
the three second-order finite-difference schemes (KBD, FD2, and SGES), which
were theoretically compared in the preceding section. In addition, a fourth-order
version of the FD2 scheme, denoted FD4, was also used. The spatial grid step 2
has been uniformly determined for models A, B, and C in such a way that
h =L/10 has been used in all second-order schemes, and A = L/5 in the
fourth-order scheme FD4. Significantly larger models would, of course, require
finer grids. The time step %2 has been uniformly determined in all the second-

A e 4 e
AR
e e v -

I Y Y S Lo e e by T T T

0 3 6 9 12 0 3 6 89 12 cC 3 6 8§12 0 3 6 9 12

Fic. 3. ‘Synthetic seismograms for a half-space model A, excited by an explosive line source. The
horizontal axis is dimensionless (¢/7T). The synthetic traces by three second-order finite-difference
schemes KBD, SGES, and FD2 are compared with those produced by an independent method of
Alekseev and Mikhailenko (1980), AM. The seismograms by an economical fourth-order scheme FD4
are not shown separately since, in this case, they coincide within the width of line with those
produced by FD2 scheme. The vertical component is presented.
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Fig. 4. Synthetic seismograms for a sediment-filled valley model B, excited by a plane P wave.
The horizontal axis is dimensionless (¢/T). The synthetic traces by four finite-difference schemes
KBD, SGES, FD2, and FD4 are compared with those produced by an independent Aki-Larner
method, AL (Fig. 5 of Bard and Bouchon, 1985). The vertical component is presented.

order and fourth-order computations, choosing it close to %, = h/(1.65 «,,,,),
and «,,,, standing for the maximum P-wave velocity in the model. This choice
was motivated by the stability condition of the fourth-order P-SV scheme of
Levander (1988), despite the fact that it yields 2 smaller than necessary for
second-order schemes. In particular, £ = 0.99 k;, has been used in models A
and C and k2 = 0.96 k;; in model B. The computations with halved spatial
(and /or time) steps were utilized for checking the convergence.

The free surface in the FD2, FD4, and SGES schemes has been treated by the
vacuum formalism. This choice in the cases of the FD2 and FD4 schemes has
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Fic. 5. Synthetic seismograms for a sedimentary basin model C, excited by a plane P wave. The
horizontal axis is dimensionless (¢/7"). The synthetic traces by four finite-difference schemes KBD,
SGES, FD2, and FD4 are compared with those produced by an independent discrete wavenumber
boundary element method, DWBE (Fig. 5.17 of Kawase, 1990). Both horizontal and verti-
cal components are presented in the fop and the bottom panels, respectively. The wave field is

shown for receivers 1 to 25 of Figure 2 and also for those located symmetrically with respect to
receiver 1.
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Fic. 5 (continued).

been motivated by the desire for consistency with the treatment of the internal
discontinuities. As for the SGES scheme, the vacuum formalism was theoreti-
cally shown to satisfy the traction-free condition. In the case of KBD scheme,
where the vacuum formalism failed in satisfying the traction-free condition,
special formulas were used (see Appendix 2).

Using the SGES scheme (A12) yields no reasonable results, mainly in models
B and C, where the synthetics are unlimitedly growing with increasing time.
This property persists even with a drastic decrease of the time step, indicating
that it is not due to violation of the stability condition. The problem remains
even inside the computational region bounded from all four sides by fixed
surfaces (z = w = 0), thereby indicating that it is not due to the vacuum
formalism and/or the nonreflecting boundaries. We concluded that the scheme
(A12) itself might be responsible for the unsatisfactory numerical behavior. A
detailed reexamination of the derivation (paper in preparation) revealed a
possible modification of the scheme, which was subsequently tested in numeri-
cal experiments. In the modified SGES scheme, the material parameters of
equations (Al1l) and (Al2), a_, _,,a_,,a, i, @, are substituted by
Q_1/9,-1/20F_1/2,1/2> Q1,9 ~1/2, @1/2,1/2- 1t means that A, u, and A + 2 are
taken midway between the displacement grid points, both in the mixed and
nonmixed spatial derivatives. Although derived theoretically, the modification is
very similar to the empirical stabilization found by Stephen (1988). The modifi-
cation does not change major theoretical results of the preceding section. The
only exception is the case of Figure 1f, where the modified scheme is treating
the point (0,0) as being located in the homogeneous medium. Most strongly
affected by the modification are the grid points located in the vicinity of the
horizontal and/or oblique discontinuity, not the grid points situated just on
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Fic. 6 (continued).

these discontinuities. What is hereafter denoted SGES means the modified
SGES scheme, not that of (A12).

As it is seen from Figures 3 to 6, the individual schemes provide quite similar
results. A closer examination reveals some differences increasing from model A
to B and further from B to C. The results by different schemes differ mainly in
their grid-dispersion properties. For example, we note that the phase velocities
increase from KBD to FD2 roughly by 2% and from KBD to FD4 roughly by 4%.
The increasing phase velocities are accompanied by the decreased amplitudes of
later arrivals (when compared to KBD), mainly in model C.

Finally, we compare the results by finite-difference schemes with those
produced by independent methods. Model A, motivated by Daley and Hron
(1987), has been solved by the semianalytic method of Alekseev and Mikhailenko
(1980), AM. Synthetic seismograms for models B and C were taken from the
literature. In particular, model B was solved with the help of Aki-Larner
discrete wavenumber method, AL, by Bard and Bouchon (1985). The discrete
wavenumber boundary element method DWBE, known to be more accurate at
steeply sloping discontinuities, was used in model C by Kawase and Aki (1989).
All important features of the independent solutions are satisfactorily well
reproduced by our synthetics in Figures 3 to 6. They include (1) the nonzero
vertical components of the PS conversions at the normal and near normal free
surface reflection in model A, (2) the bidimensional resonance in model B, and
(3) the local Rayleigh waves in model C. Perhaps the most remarkable is that a
very good agreement among the SGES, KBD, and DWBE results in model C.

CONCLUSIONS

1. Three recent second-order and one fourth-order finite-difference schemes
for elastic waves in 2-D inhomogeneous media were theoretically investigated
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and compared in terms of their behavior at internal discontinuities and free
surfaces. We found the following:

(a) Both the SGES scheme of Sochacki ef al. (1991), based on the integrated
equations of motion, and the KBD scheme of Kummer et al. (1987), based on the
differential equations of motion, were found to be consistent with the traction
continuity condition at the horizontal and vertical internal discontinuities for
both SH and P-SV waves. At the horizontal free surface the KBD scheme was
supplemented by special formulas satisfying the vanishing-traction condition,
while the SGES scheme can be used in the vacuum formalism.

(b) The FD2 and FD4 schemes by Zahradnik and Hron (1992), based on the
differential equations of motion, but with mixed derivatives approximated by
means of the operator of Samarskii (1977, Chap. 4, Sec. 4.6), were found to be
inconsistent with the traction continuity condition for P-SV waves at horizontal
(or vertical) discontinuities, both internal and free. No problems in those
situations were detected for SH waves.

(¢) In contrast to the SH case, none of the studied schemes was found to be
consistent with the traction continuity at a diagonal discontinuity in the case of
P-SV waves. It is likely that this result has a more general validity for
heterogeneous schemes at curved surfaces.

2. The importance of geometric averaging in the definition of the effective
parameters (equation A4b) was shown for the case of SH waves at a horizontal
discontinuity not coinciding with a grid line. Arithmetic averaging would lead to
the violation of the traction-continuity condition.

3. Serious numerical problems were found for the SGES scheme until the
material parameters of equations (A11) and (Al2), a_; _j,a_,,, etc., were
substituted by a_; 5 _1,2,@_1,5 1,2, €tc., for A, p, and A + 2y, in both the
mixed and nonmixed spatial derivatives. This modification most strongly af-
fected the grid points adjacent to the discontinuities. It suggests that in future
theoretical studies of the finite-difference schemes more attention should be
paid to their behavior in the vicinities of discontinuities.

4. Synthetic seismograms were computed by the finite-difference schemes for
the models of a half-space, sediment-filled valley, and a sedimentary basin.
After the above-mentioned modification in SGES scheme all the three second-
order schemes (SGES, KBD, and FD2) provided similar results, despite the fact
that FD2 theoretically fails in the traction continuity. This result is in agree-
ment with that of Fornberg (1987), who reported numerical results better than
predicted by the theory. It is also worth mentioning that Stephen (1988)
demonstrated some heterogeneous schemes for liquid-solid interfaces, which,
despite the fact that they allowed for no slip, produced results that were rather
insensitive to this deffect.

Similar results were also obtained by the fourth-order FD4 scheme. The latter
was highly economical, since its seismograms, comparable to those produced by
FD2, required about one fifth of the FD2 computer time only.

5. The finite-difference results were also compared with those from indepen-
dent methods (AM, AL, and DWBE). We found that all main features of the
wave fields in all the three studied models were displayed in our synthetics.

6. In general, some accuracy problems of the studied heterogeneous schemes
for P-SV waves at curved discontinuities should be anticipated. However, the
boundary introduced inaccuracies in synthetic seismograms can be relatively
weak, e.g. comparable to those produced by other independent theoretical
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methods, and often lower than the inaccuracies introduced by incomplete struc-
tural and/or focal data typically used.

Note: The synthetics of models A and C, presented in this paper, are available
from the authors as ASCII files for possible comparisons with other methods.
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APPENDIX 1: FINITE-DIFFERENCE SCHEMES

Let us consider a linearly elastic, nonabsorbing, isotropic medium in which x,
y, and z components of the displacement vector are denoted u, v, w, and time
by t. If we further introduce the Lamé parameters A, and p and the density p,
the equations of motion for coupled P-SV waves in a 2-D model with cartesian
coordinates x and z then read

([)‘ + 2y’]ux)x + (Muz)z + (/\wz)x + (/.wa)z = putt? (Ala)
(pw,), + ([A+2p]w,), + (pu,), + (M), = pw,, (Alb)

while for the independent SH waves we have
(mv), + (mv,), = pog,. (Alc)

We will solve equations (Ala to ¢) with the help of three second-order schemes
adopted (with modifications) from Kummer et al. (1987), Sochacki et al. (1991),
and Zahradnik and Hron (1992). For simplicity, a uniform square grid of space
step h and time step %2 is employed in all the studied schemes. Since the
temporal derivatives are approximated by the same second-order central differ-
ences in all three schemes, we will concentrate only on the nonmixed and mixed
spatial derivatives, whose prototypes will be denoted (af,),, (af.),.
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KBS Scheme (after Kummer et al., 1987)

The nonmixed derivative is approximated by the well-known method of
Tikhonov and Samarskii (e.g., Samarskii, 1977, Chap. 4, Sec. 4.6; Boore, 1972).
Following this method function g is introduced by af, = g and the derivative
(af,), = g, is approximated by the central difference (Fig. Ala)

g. = (g0,1/2 _go,—l/z)/h- (A2)

When expressing g, ; 5, the equation g/a = f, is integrated between the grid
points (0, 0), (0, 1), and the mean-value theorem is employed:

0,1 . 0,1
g0,1/2f00 d"/azfoofzdzszJ_fo,o- (A3)

The approximation of g, _;,, is analogous, leading to

(af,), = 1/h2{aH(fO,1 - fo,o) - aG(f0,0 _fo,—1)}, (Ada)
-1 -1
ag = h[fo’o dz/a] , ay = h[fo’ldz/a] : (Adb)
0,-1 0,0

where two effective parameters a; and ay are geometric averages (sometimes

&% WO -h aG/' 0.—1,
0.0 -1,0 10
a7 W o a7 o
01 4,1 11
a b

/D
0.0 1,0 |10
a a a
30 B AR R =N DA LAY
c 11 d

=11 01 11

F16. Al. Schematic representation of the approximations used for spatial derivatives in the
analyzed finite-difference schemes. The grid points employed for the displacement approximations
are marked by full circles. Auxiliary displacement approximations, used in the derivation only, are
shown by crosses. Rectangles and small squares denote the effective and local parameters of the
medium, respectively.
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also called harmonic averages) of the material parameter a over two vertical
grid legs (Fig. Ala). The mixed derivative (af,), is more complicated. The outer
derivative is again approximated by (A2). For expressing 80,12 We now get

0,1 . 0,1
go,l/zj;)o dr/a =f00fx dz. (A5a)

The integration on the right-hand side is this time over z, hence the derivative
f, 1s to be expressed as a function of z. The Taylor expansion was proposed for
this purpose by Kummer et al. (1987). Function f must be expanded to the third
order if the second-order accuracy of g, is to be achieved. After substitution of
the corresponding expansion into (A5a), integration of the right-hand side, and
introduction of @ according to (A4b), we get

gO,l/Z = aH(fx + hfxz/z + hzfxzz/G)' (A5b)

The three derivatives f,, f,,, and f,,, are approximated by standard finite-
difference formulas:

fx = (fl,o _f—l,O)/zh;
fee=(fr1—Fi,c1—F 11+ fo1 1) /4%, (Abc)
feee =(f11—Fo11—2[Ff10 _f—l,O] + 11 -1 _f~1,—1)/2h3'

Then g, _;,, is approximated in the same manner. Finally, on the grid stencil
of Figure 1b, we obtain

(afx)z = 1/2h2{(aH - aG)(fl,O - f—l,o)
+1/6(ag —ag)(fin —fori—2fi0—F-10]l +F, 1 —F1-1)
+1/4(“H""a(;)(f1,1_](‘1,~1“Il'_1,1'|'l(‘71,71)}- (A6)

It is worth mentioning that the effective parameters remain the same as those
for the nonmixed derivative in (A4),

FD2 Scheme (after Zahradnik and Hron, 1992)

In this scheme, the nonmixed derivative is also given by (A4), and function
g = af, is again introduced in the mixed derivatives. The approximation of g, is
then accomplished in two steps, following Samarskii (1977, Chap. 4, Sec. 4.6).
We start with the first-order approximation (Fig. Alc):

g, = (81/2,1 - 31/2,0)/h- (A7)

It allows g; 5 ; to be expressed by integrating f, with respect to x, not z:

1,1 . 1,1
8121 /0 dv/a = fo feds=fii=for, (A8a)
g1/2,1 = a’F(fl,l - fo,1)/h, (A8b)

with ay being an effective parameter. The treatment of g, , , is analogous and



TESTING FINITE-DIFFERENCE SCHEMES 127

ap is introduced. The second-order accuracy is achieved by repeating this step
four times and evaluating the arithmetic average:

L1f= 1/h2{aE(f0,1 —f_1,1) - ac(fo,o —f—l,O)};
L*f = 1/h2{aD(f1,o “fo,o) - aB(fl,—l *fo,—l)},
L*f = 1/h2{ac(fo,o “f—l,o) - aA(fO,vl _f—1,71)},
L4f: 1/h2{aF(f1,1 —fo,1) - aD(fl,o —fo,o)},
(af,), = 1/4(L' + L2 + L? + LY)f. (A9)

After cancellation of some terms, only six points and four effective parameters
remain in the resulting formula (see Fig. A1d):

(af,), = 1/4(L + 12 + P + LY f
= 1/4h2[aAf—1,—1 —(a, — aB)fO,—l - anl,—l
“aEf—1,1 —(ap—ag)for + aFfl,l]' (A10)

A higher number of the effective parameters appear in (A10) than in (A6). This
feature indicates an increased dependence of the scheme (A10) on the spatial
variations of the material parameters in smoothly varying media, but it does
not necessarily guarantee a better behavior at discontinuities.

The fourth-order version of the same scheme, called FD4, was also developed
by Zahradnik and Hron (1992). It makes use of the formula (A10) and an
analogous formula with a doubled step 24, whose linear combination with
weights ¥ and — 1 yields the fourth-order accuracy.

SEGS Scheme (after Sochacki et al., 1991)

In this method, the spatial derivatives are approximated by a technique that
is fundamentally different from those employed in the KBD and FD2 schemes.
In constructing the SGES scheme, the equations of motion (Al) are integrated
over a grid cell, the divergence theorem is applied, and, wherever the grid cell is
crossed by the material discontinuity, the traction-continuity condition is ap-
plied. Finally, the integral over the surface of the grid cell is discretized with
the second-order accuracy. The SGES scheme is given by formula (28) in
their paper.

It can be easily found that the nonmixed derivative of the SGES scheme is
expressed similarly to that in equation (A4a). The only difference is that the
local parameter values, rather than the effective parameters, are used in the

SGES scheme:
ag = 1/2(a_y, -1 +ay, 1), ag—>1/2(a_;;+a;,). (Al1)
The mixed derivative in the SGES scheme (see Fig. Ale) reads
(afy). = 1/4h2{a_1,1(f0,1 _f—1,1) - a—1,—1(f0,0 - f;l,o)

+ay1(f1,0 = fo,0) — a1 —1(f1, -1 —fo,-1)

Jra~1,1(fo,o —f—l,O) - a—l,—1(fo,~1 _f—1,—1)

+a1,1(f1,1 _fO,l) _a1,71(f1,0 ‘fo,o)}- (A12)
Equation (A12) is significantly different from (A6), but (rather surprisingly)
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similar to (A10). The similarity becomes evident when an equivalent form of
(A10) is used, viz. (A9). The only difference is in the approximation of the
material parameter, a. The FD2 scheme can be transformed into the SGES
scheme by substituting

Qg 7 0Q_y,-1, A Q8 1, Qg 2 A_314, AF a1,
ac—>a_,, _;in I}, and ap—-a_,,in L3
ap—>a;;inI*, and ap —a, _in L% (A13)

In other words, the SGES scheme can be also obtained through extending the
FD2 scheme by an additional term,

1/4h2{(aE - aA)(f0,0 - f—1,o) + (ap — a’B)(fl,O - fo,o)}- (Al4)

Naturally, a similar term is added in case of (af,),.

APPENDIX 2. FREE-SURFACE FORMULAS

The finite-difference formulas of Kummer et al. (1987), referred to as the KBD
scheme in the main text and Appendix 1, apply to internal grid points. Their
extension, which is applicable to a flat free surface and consistent with the
vanishing-traction condition, is derived here. Hereafter, the grid stencil of
Figure Alc is used with point (0, 0) being now the free-surface point.

The derivative (af,), remains the same as for the internal points. The
derivative (af,), is approximated as follows:

of, = 8,

8:=2(80,12 — 8o,0)/hs
where

&o,0 = ao,o(fo,1 _fo,o)/h,
8o,1/2 = aH(fo,1 ‘fo,o)/h-

Here aj is the effective parameter, defined in equation (A4b) of Appendix 1 as
an integral average along a grid leg, whereas a, , is a local approximation to
the material parameter a at point (0, 0). Finally,

(of,), = 2(ag — a0,0)(fO,l - fo,o)/hZ-
The derivative (af, ), is approximated as

of . = 8,
g, = 2(30,1/2 —go,o)/h,
where
80,0 = ao,o(fl,o - f—1,0)/2h,
8o,1/2 = ag(fy + f../2 + h*f,../6).

The latter formula (g, ;,,) is the same as for the internal gridpoints, but f,,
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and f,,, are now treated in a different manner:
for = (fin = fro =11+ f1,0)/2R%,
feez=(f11—Ffio—F-11 +f_1,0)/h3 - 2f../h.
Finally,

(af,), = (1/2h){(ag — 2a4,0)(f1,0 = f-1,0) T ag(fi,1 —f-1,1)}-

The derivative (af,), is treated as in the case of the internal points except the
approximations of f, f,,, and f,,,, for which we now take

fz = (fO,l _f0,0)/ha
foe=(fi1—Ffr0—f-11 +f~1,o)/2h2,
foxe = (fi1—Fr0— 2l fo,1 —fo,0] +F-11 _f—l,o)/hs-

Finally,

(of,), = 1/h*{1/6(ap — ac)l fi,n —fro+4(fo,1 —fo0) +F-11 "f—1,0]
+1/4(ap +ac)l fi,1 —fio —f-11 T F-10]}
Here a;, is the effective parameter between points 0,0 and 1, 0 analogous to aj

of Figure Alc in Appendix 1. Likewise, a, refers to the leg between the grid
points —1,0 and 0, 0.



