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SUMMARY

We present an extension of the theory of the time-frequeniEy ihis®t criteria for quantitative
comparison of time signals. We de®ne TF mis®t criteria fanti®cation and characterization
of disagreement between two three-component signals. SWagliish two casesbwith and
without having one signal as reference. We de®ne locallgkoiehlly normalized TF criteria.

The locally normalized mis®ts can be used if it is importarihvestigate relatively small
parts of the signal (e.g. wave groups, pulses, transiepitees so-called seismic phases) no
matter how large amplitudes of those parts are with respebietmaximum amplitude of the
signal. They provide a detailed TF anatomy of the disagre¢imetween two entire signals.
The globally normalized mis®ts can be used for quantifyimg\erall level of disagreement.
They allow accounting for both the envelope/phase diffeeeat a TF point and the signi®cance
of the envelope at that point with respect to the maximum lepecof the signal.

We also introduce the TF envelope and phase goodness-afe®iachased on the complete
signal representation, and thus suitable for comparingrarp time signals in their entire
TF complexity. The TF goodness-of-®t criteria quantify el of agreement and are most
suitable in the case of larger differences between the signa

We numerically demonstrate the capability and importaatuees of the TF mis®t and
goodness-of-®t criteria in the methodologically impor@amamples.

GJI Seismology

Key word: Time series analysis.

difference. Consequently and eventually it is not clear avhaéther

1 INTRODUCTION they are capable to properly quantify the difference. Theeef

Quantitative comparison of time signals, time historieplofsical Kristekovaet al. (2006) developed time-frequency (TF) envelope
or chemical quantities is often necessary in many problerageb and phase mis®t criteria and demonstrated their capatoiliyop-
oping and testing a new theoretical method of calculationiregu erly quantify and characterize a difference between twoaiig
comparison of a theoretical signal with a reference or es@lotion. The very basic arguments for developing criteria based®i Eh

Comparison of a theoretical signal with a measured one sssecy representation of signals that are to be compared are:
to verify the theoretical model of an investigated processnar-
ison of two measured signals signi®cantly helps in the arsaynd
interpretation of the process under investigation.

A simple visual comparison of two signals can be useful in some
cases. Sometimes the simplest possible mis®t, a diffef2(igeD
s(t) i sr(t) between the tested sigrsét) and reference signat(t),
t being time, is better. A single-valued integral quantitymsre
appropriate if a set of signals is to be compared with anatbeof nal can be obtained by its TF representation (in this senseawe
signals. A simple sjngle-valugd mis®t between two sigraste also say decomposition in the TF plane). '!'he TF represeptatloh en-
de®ned as/D D = ,jD (tljlz A sr(t)j. Probably the root mean ables us to see a spectral content at any time as well as titoeyhis

P P at any frequency.

1. One of the two signals can be viewed as some modi®cation of
the other signal. Itis clear then that some modi®cations cigimal
can be more visible and understandable in the time domain, some
in the frequency domain. Some modi®cations can changeynaainl
only amplitudes and an envelope, some other a phase.

2. The most complete and informative characterization aja s

square (rms) mis®t, rmsD " JD (1) 2= tjsr(t)j2 is the most

commonly used single-valued mis®t criterion. The TF criteria of Kristekovaet al. (2006) were applied,
Although each of the three above quantities somehow estimate for example by Brez-Ruizet al. (2007), Moczoet al. (2007),

a difference between two signals, it is not so dif®cult to ®ndhad Benjemazet al. (2007), K&seret al. (2008), Fichtner & Igel (2008)

none of them is capable to characterize the nature or redsbr 0 and Santoyo & Luzon (2008). The criteria were also used for
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evaluation of the international numerical benchmark ESG6200
for Grenoble valley (Tsunet al. 2006; Chaljubet al. 2009a,b),
Bielak et al. (2008) applied the criteria to compare three nu-
merical simulations for the ShakeOut earthquake scenarnio ve
sion 1.1 for the southern California. The criteria serve for com-
parison of submitted solutions in the framework of the SPICE
Code Validation (Igelet al. 2005; Moczoet al. 2006; Gallovic

et al. 2007, http://www.nuquake.eu/SPICECVal/). The recently o
ganized numerical benchmark for the ground motion simufatio
for the Euroseistest site, Mygdonian basin, Greece (hitpswi-
cashima.cea.fr/) will also apply the TF mis®t criteria for evaluation
of the submitted predictions.

The paper by Kristekovet al.(2006) presented TF mis®t criteria
for one-component signals in the case when one of the twolsigna
could be considered a reference. The paper emphasizeddire gl
ally normalized criteria and only marginally mentioned thedlly
normalized criteria.

Clearly, the paper presented by Kristek@taal. (2006) did not
address all important aspects and situations in compaigmals
in the research practice. This was also clear from frequesstked
questions arising in response to the paper. The questionsaliasic
concern the following.

The analytical signal (e.g. Flandrin 1999) enables us toldpve
proper unambiguous characteristics. The analytical $gnpwith
respect to signa(t) is

#A(t) D s(t) CiHfs(t)g;

whereHfs(t)gis the Hilbert transform of signa(t). Relations
A(t) Dj&t)i;  A(t) D Arg[#t)];

and

@)

©)

1 dArg[4(t)]
2Y4 dt

de®ne envelope, phase and (so-called instantaneous)rfoyooie
the signal attimé Although these quantities are unambiguous, they,
in fact, represent just averaged values. For example, Qa02)
suggests using a term “the mean instantaneous frequenagachst
of the instantaneous frequency. The narrower the spectrémbon
at timet is, the better is the estimate of the dominant amplitude,
phase, and frequency by relations (3).

Although the concept of the analytical signal can be applied to
simple signals and serve as a basis for simple mis®t crigega
Kristek et al. 2002; Kristek & Moczo 2006), it clearly cannot be
applied to signals with a complex spectral contents changitty

f(t)D

(1) The de®nition of the TF mis®ts in the case when none of time if the three basic characteristics are to be determined.

signals can be considered a reference.

(2) The application of the TF mis®ts to three-component signals.

(3) The applicability of the TF mis®ts if the signals, that are to
be compared, differ "too much’, and consequently the @hatif
the TF mis®t criteria to the goodness-of-®t criteria.

(4) The global versus local normalization.

2.2 Time-frequency representation of a signal

An instantaneous spectral content of a signal or a time &oolat
any frequency of the signal can be obtained using the TF reptas
tion of the signal. The TF representation can be obtainedyufin

(5) The evaluation and interpretation of the phase mis®ts, mainly example, the continuous wavelet transform. The continuavelst

the relation to the phase jumps.

Correspondingly, in this paper we ®rst brie'y summarize/gmy
basic concepts and relations necessary for the furtherséiqgro
We then pay attention to the concepts of the envelope and ptiase d
ferences, and strategies for de®ning TF mis®t criteria.0Ménue
with de®nitions of the TF mis®t criteria for three-compdreg-
nals in both situationsbwith and without having a refereistgnal.
Whereas the mis®t criteria are supposed to quantify andctesize

differences between signals, goodness-of-®t criteria are supposed t

quantify the level of agreement between signals. For suahtsiins

we introduce TF goodness-of-®t criteria and discuss their relation

to the TF mis®t criteria. Eventually we numerically illustrate the
TF mis®t and goodness-of-®t criteria using two methodologically
important problems.

2 CHARACTERIZATION OF A SIGNAL

Here we only very brie'y present concepts and relations fare
acterization of a signal necessary in the further expasitio

2.1 Basic characteristics of a simple signal
In the simplest case of a monochromatic signal

Sn(t) D A cos(2v4f t C A) 1)

amplitudeA, phaseA and frequency are unambiguously de®ned
and very easy to interpret. If a signal is more complex, notion of
amplitude, phase and frequency may be not so obvious bedause
example, wherA D A(t); f D f(t) and A D A(t) in the argument

of the cosine function, amplitude and phase are ambiguous.

Q

transform of signa(t) is de®ned by
1 2 H
CWTap) fs(t)gD Pﬁ s(t)A®

il

tibﬂ

dt 4)

with t being time,a the scale parametds,translational parameter,
andA analysing wavelet. Star denotes the complex conjugate func
tion. The scale parameteris inversely proportional to frequency
f. Consider an analysing wavelet with a spectrum, which hes ze
amplitudes at negative frequencies. Such a wavelet is dptimaa
signal and is called the progressive wavelet. A Morlet wavele

A(t) D ¥ Pexp(il ot) exp( t2=2) (5)

with ! o D 6 is a proper choice for a wide class of signals and prob-
lems. The TF representation of sigsél) based on the continuous
wavelet transformWV (t; f), can be then de®ned by choosing a re-
lation between the scale parameseand frequency in the form

a D ! (=2¥f, and replacing by t (because the translational
parameteb corresponds to time). We obtain

W(t; f) D CWT(f;[)fS(t)g
S

1

2t 4 ity
o '

'o

H
D S()A® 2vif (6)

il

W2(t, f) represents the energy distribution (energy density) of
the signal in the TF plane. A more detailed mathematical back-
ground on the continuous wavelet transform and Morlet wavele
can be found, for example, in monographs by Daubechies {1992
and Holschneider (1995), Kristekoed al. (2006, 2008b) numer-
ically demonstrated very good properties of the TF represiemt
de®ned above.
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Having determined the TF representation, an envelbfie f)
and phasé\(t, f) at a given point of the TF plane can be de®ned

()

Holschneider (1995) showed that\f/(t, f) is de®ned using
the continuous wavelet transform with the progressive wavelet, the
envelopeA(t, f)and phasd (t, f)are consistent with those de®ned
using the analytical signal.

Note that this TF representation does not suffer from the-well
known problems and limitations of the windowed Fourier tfans
due to the ®xed TF resolution of the windowed Fourier transform.

The software package SEIS-TFA developed by Kristekova (2006)
for numerical computation of the TF representation usingctire
tinuous wavelet transform and six other methods is available a
http://www.nuquake.eu.

A(t; £) D jw(t; )i At f) D Arg[W(t; )]:

3 COMPARISON OF SIGNALS

3.1 TF envelope and phase differences

Consider a signai(t) and a reference signsil(t). Given (6) and (7)
it is clear that

LA f)D A f)i Ar(t; f)DjW( )i jWr(t; )i (8)

de®nes the difference between two envelopes at eéathfoint.
Similarly,

1A (t; f)D A f)i Ar(t; f)

. . 9)
D Arg[W (t; f)]i Arg[Wr(t; f)]

de®nes the difference between two phases at ¢dghppint.

The envelope differenck A(t, f) is an absolute local difference
that can attain any value. The phase difference needs sqtamex
tion. The little complication comes from the fact that Ard filways
gives the phase of the complex variablen the range ohj ¥4 ¥i.

If, for example, two phases are 2880 and; 1604480, eq. (9)
formally gives 33®,4.80 instead of the correct valpe30% =180. It

is clear that de®nition (9) would need an additional condlitidreat
similar situations. Instead, however, we can avoid this daation

using the following equivalent de®nition

CW( )
Wr(t; f)

Relation (10) always gives a local phase difference in tingea
of hj ¥, Yi.

1A (t; f) D Arg (10)

3.2 Strategies for de®ning TF mis®t criteria

Having the envelope and phase differences at a gitei) point,
we can de®ne a variety of the TF mis®t criteria to quantitgitive
compare the entire signals, important parts or charactisfithe
signals.

In many problems it is important to investigate relativefyad

TF mis®t and goodness-of-®t criteria815

mis®t criteriatcriteria whose values for omgf § point would de-
pend only on the characteristics at thaf () point. Consider a local
TF mis®t criterion for the envelope. It is clear that such dadte
should quantify the relative difference between two envedaiea
given ¢, f ) point. Consequentlyl, A(t, f ) given by eq. (8) should
be normalized byAr (t, f ). At the same time, due to its nature, the
phase difference (10) itself provides the proper quanti@céor a
local TF phase mis®t criterion. We can choose, howeveratinger
hi 1, 1i instead ohj ¥4 ¥4 : we can divide the phase difference (10)
by Ya

The preceding considerations can be taken as argumentssiad ba
for de®ning the locally normalized TF mis®t criteria. Then

_ 1A(; f)
TFEMoc (t; ) D Y] (11)
and
TFPMoc (t; f) D M (12)

Ya

de®ne the locally normalized TF envelo@é&EM, oc) and phase
(TFPM_oc) mis®t criteria, respectively.

In some analyses it may be reasonable to give the largest weights
to local envelope/phase differences for those parts of tieeerece
signal in which the envelope reaches the largest values. Borge,
it may be reasonable to require that the envelope mis®t be &qual
the absolute local envelope differenteA(t, f) just at that {, f)
point at which envelopér(t, f) of the reference signal reaches
its maximum maxfAr(t; f)g At the other {, f) points with the
envelope smaller than mguf Ar(t; f)g (and therefore also with
smaller energy content) such a mis®t could be proportionleto
ratio betweenAr(t, f) and maxfAr(t; f)g Both requirements
are met in the following de®nitions

Ar (t; f)
max. ¢ fAr (t; f)g

1A(; f) )
max. ¢ fAr (t; f)g’

TFEMgL0s (t; f) D TFEM oc (t; )

(13

Ar (t; f)
max; ¢ fAr (t; f)g
Ar (t; f)
max; ¢ fAr (t; f)g

TFPMgos (t; f) D TFPM_oc (t; T)

1A (t; f)
Ya

(14)

Because the de®nitions apply the normalization
max.(fAr(t; f)g at each {, f) point, we can speak of the
globally normalized TF envelope TEEMg 0g) and phase
(TFPMgL0g) Mis®t criteria. Clearly, the values of the globally
normalized TF mis®t criteria account for both the enveldmesp
difference at at(f) point and the signi®cance of the envelope at that
point with respect to the maximum envelope of the refereigeat
In this sense they quantify an overall level of disagreemetwéen

by

parts of the signal (e.g. wave groups, pulses, transients, spikes, sotwo signals. We apply the global normalization in de®nitiothef

called seismic phases) no matter how large amplitudes of {hegs
are with respect to the maximum amplitude of the entire sigksl.

TF mis®ts when we are not much interested in a detailed anatomy
of the signals and mis®ts in those parts of the signal where its

an example of an important seismic phase we can mention the man-amplitudes are too small compared to the maximum amplitude of

tle phasePcPbthe seismic P wave re ected at the corextmantle

the reference signal. The globally normalized mis®t gatean be

boundary. In some problems one may be interested in a detaileduseful, for example, in the earthquake ground motion aealgsd

TF anatomy of the disagreement between two entire signals. Fo
comparing two signals in such situations we need to de®n¢ loca

€ 2009 The AuthorsGJl, 178, 813+825
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4 TF MISFIT CRITERIA FOR
THREE-COMPONENT SIGNALS

4.1 Three-component signals, one signal being a reference

The above considerations on the globally normalized mis@tia

ence. The locally normalized and globally normalized TF éope
mis®tsTFEMFEE. (t, f) and TFEMGr5g, (t, f), and locally nor-
malized and globally normalized TF phase misBt®MPEE, (t, f)
andTFPMEER,  (t, f) characterize how the envelopes and phases
of the two signals differ at each, ) point. Their projection onto

the time domain gives time-dependent envelope and phase mis

for one-component signals can be extended also to the mis®ts fo ®ts, TEMEEE ; (t), TEMREGg ; (1), TPMESE () and TPMEEE, | (t).

three-component signals. If amplitudes of one componerthef
reference signal are signi®cantly smaller than amplitudésm
other components (a common situation with a polarized gerti
motion, for example), the only reasonable choice for the global
normalization is to take the maximum TF envelope value from
all three components of the reference signal. This choicealgtu
quanti®es the mis®ts with respect to the meaningful valiue o
three-component reference signal. It also prevents dhtpitoo
large mis®t values due to possible division by very small lepee
values corresponding to insigni®cant amplitudes of theasigpm-
ponents. Clearly, this choice is reasonable also if the andegwf
all three components of the signals are comparable.

A formal de®nition of one local normalization factor forthltee
components would clearly contradict to the local charadach

Similarly, the projection of the TF mis®ts onto the frequency
domain gives frequency-dependent envelope and phase snis®t
FEMESE (1), FEMEEE, (1), FPMESE (f) and FPMESE, (1),
Finally, it is often very useful to have single-valued envelgmd
phase mis®EMPEE. |, EMEER,. |, PMFEE.; andPMEEE, ; . All the
mis®ts are summarized in Tables 1 and 2. The envelope and phase
mis®ts can attain any value in the rarigé , 1i andhj1, 1,
respectively.

4.2 Three-component signals, none being a reference

The mis®t criteria for this case can be de®ned, in fact, fdynimal
the same way as criteria in the case with a reference signabriije
guestion is which of the two signals should be formally taken as a

component has to be treated as, one-component? signal if one isreference. The reasonable way is to ®nd a maximum envelope for

interested in the detailed anatomy of the TF mis®t.

Now we can de®ne a set of the mis®t criteria for the three-

each of the two signals. Then the signal with a smaller maximum
can be chosen as a reference signal. In the case of the globally

component signals when one of them can be considered a refer-normalized criteria for the three-component signals theimam

Table 1. Locally and globally normalized TF mis®t criteria for tie@mponent signals, one signal being a reference.

st);iD1,2,3
sri(t);iD1;,23
Wi D W(t; f)
Wr; D Wr;(t; f)

A three-component signal

A three-component reference signal

TF representation of signal(t)

TF representation of the reference siga(t)

Time-frequency envelope and phase mis®ts
Wi jWrij

. JWrij
TFPMPSE (t; f) D A

TFEMRER

Loc;i(t; f) D

Locally normalized TF envelope mis®t

Locally normalized TF phase mis®t

Wr;
( ) (TFEMREF - ) P Y2 REF ¥4
) envelopé Gros:i(t: f) iWrij TFEMREE, (t; 1)
Globally normalized TF mis®t REF — REF /1.
phase TFPMREGG, (t; f)  maxi; i1 (Wnij) TFPMice; (t f)
Time-dependent envelope and phase mis®ts
Locally normalized ( ) Globally normalized ( )
( ) p Wi TFEMESE, (t: 1) ( ) X e TFEMESE, (t; f)
i JWrij
TEMESE, (1) U TRPMEEE (¢ ) TEMESE . (1) £ TEPMRSE, (6 f)
TPMEGe; (O W] TPMG G (O max; W]
Frequency-dependent envelope and phase mis®ts
Locally normalized ( ) Globally normalized ( )
( ) X CTFEMREE: ) ( ) X CTFEMPEE @ )
REF JWrij ' REF JWrij Y
FEMESE,(N” ¢ (TFPMREE. (t; f) FEMGios: () TEPMIGE {t: 1)
FPMESE. (f) JWnj FPMEERG. (f) maxi; ¢ JWrij
Single-valued envelope and phase mis®ts
Locally normalized Globally normalized _
! & )= v S TFEMEEE (6 N 22
( | ux o x o  ZTFEMGE, (t f) = ) ﬁ X X W = roci (t f)=2
u jWrijc= ' - JWri = 7 REF (- f)- —
REF . REF u f t : TFPMGG.: (t; )
EMESE, Dﬁ rooT T TRPMEBSE @ ) EMBg, o f . LOC,|1I( )
PMESE, w2 PMEES,, met | Wni?
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Table 2. Locally and globally normalized TF mis®t criteria for three-component signals, none being a reference.

s1i(t); s2i(t);i D123 two 3-component signals
W1; D W1;(t; f); W2; D W2;(t; f) TF representations of signad$; (t) ands2 (t)

W D W1 if max tf(iW1j) < max:t.t(jW2j)
r.
'DW2 if  maxi;r(GWLj), max;tr(W2j)

Time-frequency envelope and phase mis®ts

Locally normalized TF envelope mis®t TFEM o t; f)D w
Vi
Locally normalized TF phase mis®t TFPM, 5. (t; T) D —Arn Rl
S Sy oei € DB ( )
envelope TFEM Lt f) Wi TFEM, 5 (t; )
Globally normalized TF P mis®t GLOBI D & Loci
phase TFPMg, og;i (t; T) max;; ;¢ WH])  TFPM o, (t; )

Time-dependent envelope and phase mis®ts

Locally normalized ( ) Globally normalized ( )

( ) X Wi TFEM oc; (t; ) ) X Wi TFEM o, (t; )
TEM, oc; (1) 5 TFPM oy (& 1) TEM_o8;i (1) b TEPMioc; (t: )
TPM oc;i (1) ferij TPMgog:i () may;: ¢ ferij

Frequency-dependent envelope and phase mis®ts

Locally normalized ( ) Globally normalized ( )

( ) X Wi TFEMLOQi (t; ) ( ) X Wi TFEMLOC;i (t; )
FEM o (f) 5 t JFPM o, (& 1) FEMg_0g;i () b ¢ TEPMyoci &h
FPM o, () Awrij FPMg o () max; ¢ JWH]

Single-valued envelope and phase mis®ts

Locally normali\z/ed _ Globally normalieed
ra A — u =7 =
( ) Ux x  STFEMoq (6 1) 2 ) Hxoxo Zi TFEM, o (; ) =2
jWrjZ ' Z u wrijcZ ' .
EMioci © fi U L TFPMyog (6 f) EMoios: * o T i FPMioc (6 1)
PMoci o dwnj? PMgLog; max o Wnj?
is taken from all components. In the case of the locally noizadl The TF envelope goodness-of-®t criteria can be introduced o
criteria the reference signal should be chosen separatelyafth the basis of the TF envelope mis®ts
component. TFEG(t: ) D Aexp | [TFEM(: £)j* :
Note that the evaluation of the TF mis®ts themselves does#ot g ) exp©| ! ( 'a U
a reason to prefer the smaller of the two maxima. Our choice comes TEG(t) D Aexp | JTEM(t)j" i
from the possible link to the goodness-of-@t criteria dc_aveloped _by FEG(f) D Aexp | jJFEM(f)j¥ ;
Anderson (2004). We take the smaller maximum consistently wit o2
the Andersons criteria discussed later. EGD Aexp i JEMj" ;
A>0; k>0: (15)
5 TF GOODNESS-OF-FIT CRITERIA Here, factor quanti®es the agreement between two envelopes in

The envelope TF mis@®ts, as de®ned in the previous chapter, quantifye'ms of the chosen envelope mis®t: The envelope goodness-of-®t

and characterize how much two envelopes differ from eactrothe Criterion is equal ta\ if the envelope mis®t s equal to 0. Choice of
Correspondingly, the envelope mis®t can attain any valtréerwthe th‘e exponenk determlnes sensitivity of the goodnes;-of-@t value
range of (1L , 1 ) with 0 meaning the agreement. While formally with respect to the mis®t value. A D 10 andk D 1, the right-hand

applicable to any level of disagreement, clearly, the empestois®ts side of eq. (15) becomes formally similar to Andersonss fofamu
are most useful for comparing relatively close envelopes. Similarly we can de®ne TF phase goodness-of-®t criteria as the

However, in practice it is often necessary to compare signals 900dness-of-®t gquivalents to the TF phase mis®t criteria:
whose enyelopes differ_relatively considerably. Comuarisf real TFPG(t; f) D Al 1i [TFPM(; f)j¢ ¢
records with synthetics in some problems can be a good example i, K¢
such a case it is reasonable to look for the level of agreement rather TPG() D A lj ITPMO)J"
than details of disagreement. The goodness-of-®t critevicde a FPG(f) D Al 1i JFPM(f)j*;
suitable tool for this. i R

i : 16

The goodness-of-®t criteria approach zero value with an increas- PGD Ali JPM™ (16)
ing level of disagreement. On the other hand, some ®nite i&lue Fig. 1 shows the discrete goodness-of-®t values against the mis-
chosen to quantify the agreement. ®t values forA D 10 andk D 1 what we consider a practically
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Misfit Misfit Goodness-of-Fit
Envelope Phase Numerical value  Verbal value
+0.00 +0.0 10 I
+0.11 +0.1 9 excellent
+0.22 +0.2 8
+0.36 +0.3 7 good
+0.51 +04 6
+0.69 +05 5
+0.92 +0.6 4
+1.20 +0.7 3
+1.61 +0.8 2
+2.30 +0.9 1
+ +1.0 0

Figure 1. Discrete goodness-of-®t values against the mis®t values.

reasonable choice for a wide class of problems. Fig. 1 atdodes
an example of a possible verbal evaluation of ®t. The fowtiimen
of the table assigns four verbal degrees or levels to the rgssd
of-®t numerical values. This example of the relatively silwerbal
evaluation is taken from the paper of Anderson (2004).

the close signals allowed demonstrating the capability of the TF
mis®ts not only to quantify differences between the signals but
also to characterize the origin or nature of the differen@eg.
pure amplitude modi®cation, pure phase modi®cation,l&téoTs

in time, frequency shift).

Here we focus on very different situations. In the ®rst eXxamp
we compare composed dispersive signals. In the second é&xamp
we compare signals, which differ considerablyba recordigphal
with a synthetic (numerically modelled) signal.

6.1 Dispersive signals

Dispersive signals are important and common because tleey ar

due to the wave interference. Dispersive signals provide a good

opportunity to illustrate interesting features of the TF phase mis®t.
Consider an example of a simple dispersive sigmdk, t),

Z/A5
cos ! tj

5

Uo(x;t) D

2480

dl; c()D4j ! !?2

I X
Co(')
(17)

Here,x is a spatial coordinaté,s time. A slight modi®cation of
the frequency dependence of the phase velocity in the s{@@al

Andersons goodness-of-®t criteria are based on characteristicsd'Ves & modi®ed signabm(x, t),

relevant in the earthquake-engineering applications gHetke in-
vestigated frequency range into relatively narrow fregyesubin-
tervals. Then he compared seismograms that had been nharmav-
pass ®ltered for a given subinterval. He evaluated goodife®s
criteria de®ned for the peak acceleration, peak velocgk mlis-
placement, Arias intensity, the integral of velocity seda~ourier
spectrum and acceleration response spectrum on a fregogncy
frequency basis, the shape of the normalized integralscelea-
tion and velocity squared, and the cross correlation. Eaelnac-

teristic was compared on a scale from 0 to 10, with 10 meaning

agreement. Scores for each parameter were averaged toayield
overall quality of ®t. Based on the systematic comparisothef
horizontal components of recorded earthquake motions rsode
(2004) introduced the following verbal scale for goodnes®t: A
score below 4 is a poor ®t, a score of 46 is a fair ®t, a scote8of 6
is a good ®t, and a score over 8 is an excellent ®t.

75

5

I x ar

Uom (x;t) D @)

2v4%0

Com(!) D 3:91; 0:87 | 0:8 2

cos ! tj

(18)

Both signals forx D 1500 km are shown in Fig. 2 (top panel),
Uo(X, t) in red, upm(X, t) in black. Consider also a dispersive signal
ui(x 1),

®s h i
u; (x;t) D 08 cos ! tj % d
2Y,45

c(')D55] 07 | 03 % (19)

that could be considered as the ®rst higher mods (o, t) and
Uom(X, t); in this sense and for the purpose of further analysis let
us calledug(x, t) andugn(x, t) fundamental modes, angd (X, t)

We think that the example of the TF mis®ts, TF goodness-of-®tsthe ®rst higher mode. The signal forD 1500 km is shown in

and verbal levels given in Fig. 1 can be reasonably applieghto
analysis of earthquake records and simulations and pyssa to
some other problems.

We should stress, however, that the choice of the mapping be-

Fig. 2 (middle panel), in blue.
We can now de®ne two composed dispersive signals

ur(t) D up(150Q t) C uy(150Q t); 20)

tween the TF mis®ts and TF goodness-of-®ts (in our case the choiceU(t) D Uom(150Q t) C u1(150Q t):

of the range of the goodness-of-®t critdfla Ai and exponenik),
and the choice of the verbal classi®cation should be adjtsthe

problem under investigation and should be based on the rumer

cal experience. In other words, the choice should re eclevamt
aspect of the comparative analysis or the capability of &quéar
theory to model a real process.

We think that the concept of the TF mis®ts makes it possible
to de®ne proper goodness-of-®ts and eventually also the verbal

classi®cation for the ®nal/overall robust evaluationfzamison of
signals.

6 NUMERICAL EXAMPLES

Kristekovaet al. (2006) showed detailed numerical examples of
the TF mis®ts for signals that were relatively close. Theaghof

Both signals are superpositions of the fundamental mod@®astd
higher mode. The signals differ in the fundamental mode but they
share the same ®rst higher mode. The signals are shown in Fig. 2
(bottom panel)Bur(t) in red, u(t) in black. The TF representations
of the both composed signals are shown in Fig. 3. It is obviimm
the TF representations that each of the two signals congptiee

odes. It is also obvious that these two modes cannot beatedar
without knowing their de®nition formulas) only in the tiiemain
or only in the frequency domain because the modes overlap in
both domains. The TF representation is necessary to recogme
structure of each of the composed signals.

The TF representations themselves, however, are not erfough
comparing the two composed signals. A simple visual comparison
of the TF representations afr(t) and u(t) only partly allows us
to recognize but does not allow us to quantify differences between
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Figure 2. Top panel: dispersive signalg(x, t), in red, andipm(x, t), in black. Middle panel: dispersive signal(x, t) considered as the ®rst higher mode with
respect to signalsy andugm. Bottom panel: composed dispersive signaléx, t) D up(x, t) C ui(x, t), in red, andu(x, t) D ugm(X, t) C usi(X, t), in black. All
signals are displayed for D 1500.
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Figure 3. TF representations of the composed dispersive signdls t) D ug(x, t) C ui(X, t), in red, andu(x, t) D upm(X, t) C ui(x, t), in black. The signals
are displayed fox D 1500.
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the signals. The TF mis®t criteria provide a reasonable tool for the is no mis®t in the TF region corresponding to the ®rst higher mode
guantitative comparison. The globally normalized TF nas@e U (t).

displayed in Fig. 4. Both the TF envelope and phase mis®ts clearly TF envelope mis®TFEMEE, (t, f) and both the time- and
show thaur(t) andu(t) differ only in the fundamental modesbthere  frequency-dependent envelope misBEMVEES, (t) andFEMEES,
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Figure 4. Globally normalized TF mis®ts between the composed dispesignalsur(1500,t), taken as reference, andl500,t): TFEM and TFPM + TF
envelope and phase mis®ts, TEM and TPM * time-dependeribpevend phase mis®ts, FEM and FPM * frequency-dependezibpevand phase mis®ts.

(f) show typical signatures of the differences between sgnal
caused by frequency shift; compare with the simplest caabni
situations in Kristekovaet al. (2006). These typical signatures of
the frequency shift include maxima with an alternating sidpng
the frequency axis in both the TF and frequency-dependertame
mis®ts, and also signi®cantly lower values of the time-foiget
envelope mis®t.

We can clearly recognize distinct features of the TF phas®mi
TFPMEES; (t, f): a. The zero mis®t (white colour) shows where
ur(t) andu(t) are in phase. b. The positive mis®ts (warm colours)
show where(t) is phase-advanced with respecuté). c. The neg-
ative mis®ts (cold colours) show wharg) is phase-delayed with
respect tour(t). d. Lines of the discontinuous mis®t-sign change
(sudden colour change) delineate sudden (discontinubaspe of
the phase difference between(t) andu(t) from Yato ¥4 if we
look in the positive direction along the time axis. Along the lines
the signals are in antiphase. Note that whereas the phdseedife
betweerur(t) andu(t) jumps from¥%to j ¥4 the TF mis®ts values
from both sides of the discontinuity may be smaller in ab&olu
value than 100 per cent. There is no contradiction in thigs T
just a simple consequence of the fact that the displayedtm&s®
globally normalized. Times of the occurrence of the phaseps!
in the phase differences between the signals (when thelsigra
in antiphase) can be clearly identi®ed also from the tinpeséent
phase mis®TEMREG(t) as the times of a sudden change of the
sign of the mis®t values. Again, due to the global normabmat

the TPMREE (1) mis®t values from both sides of the discontinuity
may be smaller in absolute value than 100 per cent.

6.2 Recorded and numerically modelled earthquake
motion

The observed three-component signal represents the grooitioh
recorded during a local small earthquake at the temporasynse
station in the Mygdonian basin near Thessaloniki, Greelse cbm-
puted three-component signal represents the numeridaliylated
motion for the preliminary structural model of the Mygdamlzasin
(Manakouet al.2004). Both the recorded and computed signals are
shown in Fig. 5. The relatively large differences between db-
served and numerically simulated signals might mainly be tu
the considerably simpli®ed velocity model of the basinreedis.
The observed signal is taken as a reference.

We present and discuss here locally and globally normalized
representations of the signals, locally and globally ndized
TF envelope and phase mis®ts, and locally and globally rlerma
ized TF envelope and phase goodness-of-®t criteria.

6.2.1 Locally normalized TF representations

The top panel of Fig. 6 shows three components of the recorded
signal (red) and computed signal (black) together withrtAéi
representations, that /2(t, f). The TF representation of each
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Figure 5. Recorded and computed three-component particle-velocity signals at the temporary seismic stations in the Mygdonian basin. N £ northzsouth
component, E + easttwest component, Z + vertical component.

component is normalized with respect to the maximar(t, f) computed signal is larger and where it is smaller comparebab
value for that component and then represented using thelsgme  of the observed signal. Because the mis®ts are locally tizeda
arithmic red-colour or grey scale covering the range ofdluelers they can attain very large values also at thdsé)(points or parts

of magnitude. The combination of the local normalizatiothwhe of the signal, where the envelope itself is relatively venyadl or
logarithmic scale enables us to see very well the detailed distribu- negligible compared to the maximum envelope value (thathere
tion of the signal energy larger than 0.1 per cent of the marimt the energy of the signal is very small or negligible). It is just this
is obvious that a direct visual comparison can neither dtyamor feature of the locally normalized mis®ts that makes thedrpre-
properly characterize differences between the TF reptatiens of tation relatively dif®@cult. Therefore, when interpretitg mis®ts,
the signals. one should always look also at the TF representations oighels

themselves.

The phase mis®ts show where the phase of the computed signal is

6.2.2 Globally normalized TF representations advanced and where it is delayed compared to that of the wexer

signal. Note, however, that due to the complexity of the align
and nature of the phase mis®t its TF structure is more complicated
and consequently its interpretation more dif®cult thaise¢haf the
envelope mis®t.

The top panel of Fig. 7 shows three components of the recorded
signal (red) and computed signal (black) together withrthEirep-
resentations, that ¥/2(t, f). The TF representation of each com-
ponent is normalized with respect to the maximwh(t, f) value
from all three components; the same linear red-colour or scale

is then applied to each normalized component. The combimafi 6.2.4 Globally normalized TF mis®t criteria
the global normalization with the linear scale shows veryl e

TF structure (pattern) of each component relative to theimarx
W2(t, ) value, that is the energetically dominant TF contents of
the signal. Although a bit easier than with the locally nolirea

TF representations, still a direct visual comparison provides nei-
ther quanti®cation nor a proper characterization of thergifices
between the TF structures of the observed and computedsigna

The globally normalized TF mis®t criteria are shown in the middle
panel of Fig. 7. The envelope/phase mis®ts clearly re exgtaTF
parts of the signals where the envelopes/phases differ tledst
one of the signals is energetically signi®cant. In otherdapthe
globally normalized TF mis®ts account for both the enve/upese
difference at at( f ) point and the signi®cance of the envelope at that
point with respect to the maximum envelope of the refereigpes
Looking at the middle panel of Fig. 7 we can quite well “seresse’

6.2.3 Locally normalized TF mis®t criteria overall level of disagreement between the compared signals

The middle panel of Fig. 6 displays the detailed anatomy ef th

TF envelope and phase mis®ts between corresponding compone

of the observed and computed signals in the entire considefe The bottom panel of Fig. 6 shows the locally normalized TFeenv

range. lope and phase goodness-of-®ts. Although only four distinct colours
Due to relatively very large envelope-mis®t values, alueal were used and assigned to intervals of the goodness-of-®t values,

above 200 per cent are shown in the same colour (magenta),the patterns of the TF envelope and phase goodness-of-®ts are com-

that is, they are clipped at 200 per cent. Similarly, valuel parable with those of the clipped locally normalized TF nss@at

i 200 per cent are shown using one colour (light green). Alghou  is, they are comparably complicated (note that not clippé&®Rus

the TF structure of the envelope mis®ts remains relativelyg-c would be obviously even more complicated). This is due tddbal

plicated the TF envelope mis®ts show where the envelopeeof th normalization in both cases. It is clear that the local ndizaton

6.2.5 Locally normalized TF goodness-of-®t criteria
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Figure 6. Top panel: three components of the recorded signal (redgamgputed signal (black) together with their TF represémat The TF representation
of each component is normalized with respect to the maxitir(t, f) value for that component. Middle panel: Locally normalized TF envelajs&EM)
and phaselFPM) mis®ts between corresponding components of the obsemdazbanputed signals. The envelope-mis®t values above 2@@eare shown
in magenta, values below200 per cent are shown in light green. Bottom panel: locallyhmalized TF envelope and phase goodness-of-®ts.

makes the interpretation of the TF mis®ts and goodness-of-®ts relamis®ts and goodness-of-®ts they provide the simplest and most ro-

tively dif®cult if the signals themselves are not simpleth& same
time this relative complexity is unavoidable if the anadystquires
seeing details of the difference, for example, related &z&pc part
of the signals.

6.2.6 Globally normalized TF goodness-of-®t criteria

The bottom panel of Fig. 7 shows the globally normalized TF en

bust tool for visualizing where in the TF plane the amplitsidad
phases of the compared signals differ and where they do hig. T
is because they are goodness-of ®ts, they are globally tipedha
and they are displayed using distinct colours assigned to only four
intervals of the goodness-of-®t values. Recall that thedolours
represent, in fact, the simple verbal evaluation of thellefragree-
ment given (as an example) in Fig. 1.

Based on the chosen globally normalized goodness-of-@tanve

velope and phase goodness-of-®ts. Compared to all the precedingay that the level of the overall agreement inZheomponent is fair
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Figure 7. Top panel: Three components of the recorded signal (redgamguted signal (black) together with their TF represémat The TF representation
of each component is normalized with respect to the maxirér(t, f) value from all three components. Middle panel: Globallymalized TF envelope
(TFEM) and phaseTFPM) mis®ts between corresponding contponents of the obsemdezbanputed signals. Bottom panel: Globally normalized ivetope

and phase goodness-of-®ts.

in envelopes and good in phases. The level of the overaleagzat
in the horizontal components is poor in envelopes and agetod

model.

in phases. The difference between the overall agreemerttein t

Z-component and horizontal components is due to the presg#nce

the wave group at lower frequencies and later times in thiztvotal

components, which is not present in tBecomponent. The wave
group is distinct in the numerically simulated motion. Wa gast
note that its presence is likely due to the considerably kiegl
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velocity structure of the basin sediments used in the coatjoual

7 CONCLUSIONS

We presented a systematic extension and elaboration obtteept
of the TF mis®t criteria originally introduced by Kristekostal.
(2006), Kristekovat al.(2006) used the TF representation of signals
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to de®ne envelope and phase differences at a point of theafg,pl
and the corresponding TF envelope and phase mis®t critéveég. T
de®ned and numerically tested globally normalized caiteri one-

component signals assuming that one of the compared sigaials
be considered a reference. The locally normalized critesae on CD-ROM

de®ned but th tested and ar?alysgd. . Benjemaa, M., Glinsky-Olivier, N., Cruz-Atienza, V.M., N&ux, J. &
The extension presented in this paper can be summarized as piperno, S., 2007. Dynamic non-planar crack rupture by a ®nite volume
follows. We found more proper de®nition of the phase diffegen method,Geophys. J. Int171,271+285.
at a point of the TF plane. We de®ned TF mis®t criteria foethre  Bielak, J.et al. 2008. ShakeOut simulations: veri®cation and comparjsons
component signals. We distinguished two basic situations: 1. Itis in Proceedings 2008 SCEC Annual Meeting and Abstragis,XVIII,
reasonable and possible to consider one of the compared signals SCEC, Palm Springs, CA, USA, p. 92.
a reference. 2. There is no reason, pertinent or attributable to theChaljub, E., Cornou, C. & Bard, P.-Y., 2009a. Numerical benchmark of 3D
investigated problem, to choose one signal a reference. [¥¢e a ground motion simulation in the valey of Grenoble, French Alps, Paper
treated two principal normalizations of the mis®tsBlocadialobal SfBl, ifnProceetliings of the Third Internatioglal Symposium on the Efgects
o : . of Surface Geology on Seismic Moti@renoble, 30 August+1 September
normalizationsbin a uni®ed way. . o 2006, Vol. 2, 1365+1375 (LCPC editions).
The Yalues of the locally normalized .m!s®t criteria fpr one Chaljub, E., Tsuno, S. & Bard, P.-Y., 2009b. Grenoble valley simulation
(t, f) point depend only on the characteristics at that point. The

! . o ek benchmark: comparison of results and main learnings, Paper SB&-in
locally normalized mis®t criteria should be used if it is impotta ceedings of the Third International Symposium on the Effects of Surface
to investigate the following.

Geology on Seismic Motip Grenoble, 30 August+l September 2006,
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